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The dimensionlessness of chemical kinetic equation
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The techniques of dimensiona analysis and scaling of the chemical kinetic equation are
investigated in this paper. Along with several examples, the procedure to reduce problems to
the dimensionless form is described and a general method about selecting the characteristic
scalesisgiven. Our results show that if the difference between the number of the parametersin
the dimensional equation and in the dimensionless equation is equal to the rank of dimension
matrix plus one, then the selection of scales is suitable and the dimensionless equation is one
of the smplest forms.
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1. Introduction

The techniques of dimensional analysis and scaling are very important and useful
in nonlinear dynamics. Dimensiona anaysis permits us to understand the dimensional
relationships of the quantities in the equations and the resulting implications of dimen-
sional homogeneity. Scaling can help us understand the magnitude of the terms that
appear in the model equations by comparing the quantities to intrinsic reference quanti-
tiesthat appear naturally in the physical situation. Nondimensionalizing the equation can
reduce the number of parameters by lumping them together into dimensionless groups.
This reduction always simplifies the bifurcation analysis of nonlinear chemical dynam-
ics. There have been many publications devoted to this problem [1-6]. However, how
to make out dimensionlessness of a chemical kinetic equation is still a difficult problem
existing in kinetics. It isthe purpose of this paper to give a general procedure by which
chemical kinetic equations can be transformed into the dimensionless forms and present
a simple method to decide whether the dimensionless form is the simplest form or not.
Before making aformal statement, it is necessary to introduce some definitions.

2. Ddfinitions

It is well known that the basic principle of dimensional analysis and scaling is
that equations must be dimensionally homogeneous. According to this principle it is
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generally true that a physical law, such as

f(QLQZ,---,Qm):O (1)

is equivaent to a physical law F(Aq, Ao, ..., A;) = 0. Here q¢1,¢>,...,q, ae the
dimensioned quantities and Aq, A5, ..., A; are the dimensionless quantities which can
be formed from g1, ¢o, ..., gn- In genera, the dimensions of ¢;, denoted by [¢;], can
be written in terms of the fundamental dimensions as [¢;] = L7“L3% --- L% for some
choice of exponents ay;, ay;, ..., a,;, where Lq, ..., L, arefundamental dimensions.

Definition 2.1. If [¢;] = LI¥ L3 --- L™ = 1, then ¢; is said to be dimensionless.

Definition 2.2. Then x m matrix

ar ... Ay
ax ... dyy

D=| . . )
az1 ... Auyy

is called the dimension matrix if the elements in the ith column give the exponents for
g; interms of the powersof Ly, ..., L,.

Any fundamental dimension L; has the property that its units can be changed upon
multiplication by the appropriate conversion factor ¢; > Oto obtain L} in a new system
of units. Thismeansthat if [¢] = L{*L5?--- L%, theng* = &]%¢5? - - - e givesq inthe
new system of units. The physical law (1) issaid to be independent of the units chosen to
express the dimensional quantities g1, g2, . . . , g, OF unit free, if f(g1,492,...,¢n) =0
and (g7, 45, --.,q,) = 0areequivaent physical laws. More formally:

Definition 2.3. The physical law (1) is unit free if for all choices of rea numbers
€1,...,&, Withg; > 0, i = 1,...,n, wehave f(g],q5,...,q,) = 0if and only
if f(g1.92.....9m) =0.

It is necessary to distinguish the word “unit” from the word “dimension”. By units
we mean specific physical units like seconds, hours, days, and years; al of these units
have dimensions of time. Similarly, grams, kilograms, etc., are units of the dimension
mass. For example, acceleration, as indicated by its typical unit cm/sec?, has dimension
“length/time?”. In simple chemical kinetic equations, time 7 and concentration C are
often taken to be the fundamental dimensions. For instance, the dimension of the second-
order rate constant is C 171,

Definition 2.4. Let x be avariable and construct a combination of parameters x. which
has the same dimension as x. If the new variable x = x/x. isadimensionless variable,
xc 1S called characteristic scale or intrinsic reference of x.



W.G. Xu, Q.S Li/ The dimensionlessness of chemical kinetic equation 239
3. Theorem
Before giving our general results we first discuss an example: the dimensionless-

ness of asimple chemical reaction model. For smplicity our models are al in athermo-
dynamically closed system.

3.1. Example 1. The two-variable autocatalator model [ 7-9]

This model considers the conversion of chemical precursor P to a final product C
viatwo reactive intermediates A and B through the sequence of steps

P— A, rate = kop,
A — B, rate = kya,
A +2B — 3B, rae= kjab?,
B — C, rate = kyb.

With a constant precursor concentration po, the rate equations for the two intermediates
are

d

2 _ kopo — knab? — kya,

dr

db ©)
a = klabz + kua — kzb

Equation system (3) involves three variables (a, b, t) and five parameters given by the
four rate constants (ko, ky, k1, k2) and po. To put (3) into adimensionless form we make
following six-step procedure for nondimensionalization, which can be used for a large
class of chemical kinetic problems.

Sep |. Choose fundamental dimensions. In present instance we choose time 7 and
concentration C as fundamental dimensions.

Sep Il. List all parameters and variables together with their dimensions in terms of the
fundamental dimensions, which is called dimension matrix. For present problem, we
have the following list:

Variables Dimensions
Dependent variablea, b C
Independent variable ¢ T
Parameters
Constant concentration pg C
First-order rate constants ko, ku, k2 71

Third-order rate constant k1 T-1Cc2
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Thus, the dimension matrix is

t a b po ko ki ki ko
T (1000 -1 -1 -1 -1 (4)
c \o111 0 0 -2 0)

Sep 1l Obtain dimensionless variables. It is obvious to see that the rank r of the
dimension matrix (4) is clearly 2. If A = 1“a*2b* pi*ky*k%eky k5° is adimensionless
variable for some choice of «y, ..., ag then

[)m] — T(xlcagcagctmT—asT—ae(T—lc—Z)UﬂT—ocg — Tal—as—as—oq—agCa2+a3+a4—20c7 =1

Therefore the exponents must vanish and we obtain two homogeneous linear equations
for ay, ..., ag, namely

a1 — o5 —ag — a7 —ag =0,

5
oo + a3+ ag — 2007 =0. ©)

The coefficient matrix of linear equation system (5) is just the dimension matrix (4).
From elementary matrix theory, the number of independent solutions equals the number
of unknowns minus the rank of the matrix. Each independent solution of (5) will give
riseto adimensionless variable. Therefore there are six dimensionless variables that can
be formed from ¢, a, b, po, ko, ky, k1 and k. We can choose a3, ay, . . ., ag arbitrarily
and write

o

o1
(0% -1
a3
04
s
U6
o7
g

=a3 + oy + o5 + o + o7 + og

[cNoNol NeoloNoll
[eoNel NeolololNolo

RPOOOOOOFR

OPrLPOOCOOONEBE

[
cococoro /o

[cNoNoNoNol

which have six independent solutions given as

A= g, Ay = %, A3z = l‘ko, Ay = lku, As = tazkl, A = tko. (6)
Sep 1V. Obtain characteristic scales.  According to definition 2.1 and noting that char-
acteristic scales could only be the parameters or their combinations we can obtain the
possible characteristic scales directly fromthe A; i = 1,...,6). From (6) it is easy
to obtain the possible characteristic time scales (r.): 1/ko, 1/k, and 1/k,, and the
possible concentration scale (x¢): po. Characteristic scales can be obtained not only
from A; directly but also from their combinations indirectly. Hence, the possible con-
centration scales can also be: (ko/ k1)Y?, (ky/ky)Y? and (ko/ k1)*/?, which are obtained
from As/A3, As/Aq @nd As/)g, respectively.
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Sep V. Obtain dimensionless equation.  Using Greek lettersfor dimensionless variables
wehavea = a/x., B =b/xcandt =t/t.. If wesdect t. = 1/ ko, xc = (ko/k1)Y/? and
substitute them into dimensional equation system (3), then (3) can be cast as follows:

G _ n—ap® - @a,

dr ko (7)
d/8 _ 2 ku k2

PR TR

where u = (k1/ko)*?po. Theratios, ko / ko and ky/ ko are dimensionless because ko, k,
and kg are al first-order rate constants. By setting k»/ kg = C1 and k/ kg = C», equation
system (7) becomes:

do 2
peial af® — Caa,
: 8
— =aff°+ Coa — C18.
dr

Equation system (8) involves three variables, o, 8 and t, and three parameters, C1, C»
and . Thisisat least amore economical representation than the full dimensional forms
where we have five parameters — the rate constants and po. Some of the dimensionless
forms of the rate equation for the different selections of x. and ¢, are listed in table 1.

Here the symbol A denotes the difference between the number of parameters in
dimensiona equation and in the dimensionless equations. The actual expressions of
and C; in the table are not the same for the different scales though their letters are the
samein form. Fromtable 1 it can be found that the maximum of A isequal tor + 1. The
dimensionless form is said to be one of the simplest forms if its number of parametersis
theleast, which meansthat its A isthe biggest. Parametersin the dimensionless equation
areall dimensionless quantities. Thisisanother advantage of the present method because
we need not carry out dimensional analysis to them.

Sep VI.  Check whether the equality A = r 4+ lissatisfied or not. If it is satisfied then
the choice of characteristic scales is said to be suitable for the dimensionlessness of the
equation and the dimensionless form is one of the simplest forms. If A = r 4+ 1 does
not hold, we should select new characteristic scales. In other words, we should return
to Step 1V and start from it to continue the procedure. We generalize these results as
following theorem.

3.2. Theorem

The dimensionless kinetic equation of a chemical reaction system is one of the
simplest dimensionless forms if the equality A = r + 1 holds.

Proof. The kinetic equation of a chemical reaction system can be generally written as

dx
a = koxo + k1x + k2x2 + k3x3, 9
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Table 1
Dimensionless rate equation of the two-variable autocatal ator.
No. tc Xc Dimensionless form A
1 1/kg (ko/k1)V/? da/dr = p — ap? — Cra
dB/dr = af? + Cra — C2B 2
2 1/ko (ku/ k)12 da/dr = p — CraB2 — Cra 2
dB/dr = Crap? + Cra — C2B
3 1/ko (ko/k1)1/? da/dr = p — CraB% — Cou 2
dB/dr = CraB? + Coo — C18
4 1/ky (ko/k1)V/? do/dr = — C1aB2% — a 2
dg/dr = C1082 + o — C2p
5 1/ ky (ku/ k)2 do/dr = p — B2 — 3
dB/dr = af?+a — C18
6 1/ky (ko/k1)1/? da/dr = pu — Crap2 —a 3
dB/dr = Crap? +a — C18
7 1/ky (ko/ k)2 da/dr = p — CraB% — Cou 2
dB/dr = C1ap? + Coa — B
8 1/ky (ku/k1)V/? do/dr = p — C10B% — Cra 3
dg/dr = Crap2 + C1a — B
9 1/ko (ko/k1)1/? da/dr = p — af? — Cra 3

dB/dr = af? + C1a — B
do/dr = — C10B% — Cou 1

koku>1/2
dB/dr = CraB2 + Coo — C3B

10 1/ko (klkz

where xq is a constant concentration, k; (i = 0, ..., 3) are the rate constants. Equa-
tion (9) is unit free and can be expressed in the form
fg1, g2, -..,gn) =0, m=171. (20)

If we select concentration C and time T as fundamental dimensions, then
lq;] = L‘f-"L‘;z-", j=12...,7, (11

where L, and L, are the fundamental dimensions. The dimension matrix is

a a a a a a a
D= 11 12 13 14 15 16 17 , rank D = r = 2’ (12)
a1 dpx dz3 dp4 dzs  ds Ay

from which we can construct a set of equations
Dy = 0. (213)
Obviously, equation system (13) hasm — r = 5 linearly independent solutions:

Yo = Oty Vs2o oo s Ysm)'s s=12....5, m=T. (14)
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At first we prove that A, = [}, 4;” (s = 1....,5) areindependent dimension-
less quantities. By the use of equations (11) we have

m m 2 Ysj 2
(A =] |lg;]V = L) =T LR (15)
J i i
=1 1 i=1

j=1

i=

From (13) and (14), we obtain
Y ayy; =0 i=12s5s=12...5 (16)
j=1
Subgtituting (16) into (15) gives
2
h=[]L)=1 s=12...5
i=1

Therefore A, (s = 1, 2,...,5) are independent dimensionless quantities according to
definition 2.1.
Secondly, we prove that equation (10) is equivalent to the dimensionless equation

F(A1, A2, ...,45) =0. (17

We know that equation system (13) has 5 independent solutions. Without loss of any
generality, we assume the first two columns of D are linearly independent. Then these 5
independent solutions can be expressed as

y1 = (a1,a2,1,0,0,0,0),

y2 = (b1,b2,0,1,0,0,0),

vz = (c1,¢2,0,0,1,0,0), (18)

y3 = (d1,d2,0,0,0,1,0),

Y4 = (61, €, O, O, O, O, 1).

It has been proved that

A= 414573,

X2 = q1"q5°qa,

A3 = 41'95°gs, (19
ra = 41q5°gs,

As = q1°q5°q7

are independent dimensionless quantities. From (19) we can obtain

_ _ —b1 —b _ _
g3 =r19q; M5, qa=r2q1 'q5 %, gs = Azqy ‘g, %,

dp

—dy — —e1 _—en (20)
CIG=)\4‘]1 q> Q7=)¥591 q, -
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Substituting (20) into (10) and defining
8(q1, g2, M1, A2, A3, Aa, As)
—ay -~ —by_—b —p — —dy_—d —ep —
= f(q1. g2, 191 g5, 2qy g5, haqy gy P hagy ay L hsqy Mg, ?) (21)
we have that

8(q1, q2, A1, A2, A3, Ag, As) =0 (22)

is equivalent to (10). Since (10) is unit free, it easily follows that (22) is unit free.
Therefore, according to definition 2.3 and noting that A7 = A; (i = 1,2,...,5) under
any change of units, we have

g(q;l_ka qga )\'la )\-23 )\'3’ )\'4’ )\'5) = Oa (23)

where

qI — 831_118;21q:|_, q>2k — 8;118321qz (24)
for every choice of the conversion factors 1, ¢, > 0. Equation system (24) is equiver
lent to (22). Thefactors ey, &, can be selected so that g7 = g5 = 1. We are able to make
this choice because

1 — 8;1.118;21q1, 1 — 8;118321q2 (25)
implies
{a11|n51+a21|n52=—|nq1, (26)
applne; +axlne, = —Ings,.

Since we have assumed that thefirst two columns of the dimension matrix D are linearly
independent, the system (26) has a unique solution Ine; and Ine,, from which ¢; and e,
can be determined to satisfy (25). Therefore, equation (23) gives

g(L, 1, A1, Ap, A3, Ag, As) = 0. (27)
If we define
F(A1, A2, A3, Aa, As) = g(1, 1, Aq, A2, A3, Ag, As5) (28)

then F (A1, A2, A3, A4, As) = Oisequivaent to (10): f(q1, g2, g3, g4, g5, g6, q7) = 0. By
selecting x. and ¢, asthe characteristic scales of concentration and time, respectively, the
chemical reaction kinetic equation (9) can be transformed into following dimensionless

form:
do

p C1+ Cao + C30? + Ca0®, (29)
T

wherea = x/x¢, T = t/te, C1 = tckoxo/xe, C2 = kate, C3 = katexc and Cq = katex?
are al dimensionless quantities. Equation (29) also can be expressed as

G(Ot, T, Cl, Cz, C3, C4) =0. (30)
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In order to satisfy the above conclusion, i.e., (g1, g2, g3, 94, g5, g6, g7) = 0 iS equiver
lent to F (A1, A2, A3, As, A5) = O, one of the dimensionless parameters C; (i = 1,...,4)
in (30) must be equal to unity. The selection of C; (i = 1,...,4) = 1 can be made
arbitrarily. Here, we choose C, = 1 and define

g(O{, T, Cla C3a C4) = G(O{, T, Cla 1’ C3’ C4) (31)

Thus g(a, t,C1,C3,Cy) = Ois equ&'ent to f(q1, 92, 93, 94, g5, g5, G7) = 0. Further
simplification of equation (31) can be made for some special selections of C;. Here we
select C3 = 1. (We can also choose C; = 1 or C4 = 1, which does not affect our final
conclusion.) By solving simultaneous equations

Co = 1= kit,
C3 =1 = kotcxe
we can abtain
L 1
cC — kl,
kq
Xe = —.
c kz
In this case equation (29) becomes
d
d—“ — Citata?+ Cad 32)
T

It can be seen that the number of parameters has been reduced from five (xq, ko, k1, k2, k3)
to two (Cq, Cp). Parameters in (32) cannot be further decreased, so equation (32) is
one of the simplest forms. The difference between the number of parameters in the
dimensiona equation (9) and in the dimensionless equation (32) satisfies the equality
A=r+1whee A =5—-2=3andr = 2. The proof of the theorem is complete. [J

4. Applications

4.1. Example 2: The three-variable autocatalator model [11]

Thismodel considers the conversion of chemical precursor Pto final product D via
three intermediates A, B and C. The reaction model is as follows:

P— A, rate = kopo,
P+C—> A+C, rate=kcpc,
A — B, rate = kya,
A+ 2B — 3B, rate = kyab?,
B — C, rate = kb,

C— D, rate = ksc.
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With aconstant precursor concentration py, the rate equations for the three intermediates
are:

d
== kopo + kepoc — kua — kyab?,

dr

db

&= kya + kyab® — kob, (33)
de b —k

—_— = — K3cC.

dl‘ 2 3

The process of obtaining suitable dimensionless forms for the present model is similar
to the example 1. The dimension matrix is

t
T 1
c \0

whose rank » = 2. So there are nine dimensionless variables:

b ¢ po ko ke ky ki ko k3
ooo0 -1 -1 -1 -1 -1 -1
1 1 1

= O 9

0O -1 0 -2 0 O

A= a_lb, Ao = a_lc, A3 = a_lpo, My = tkg, Mg = take,
e =thky, A7= tazkl, Ag = tky, Ag = tks.

If we sdlect x = (ky/k1)Y/? which is obtained from (Lg/As5) and ¢t = 1/k, which is
from Ag, then the dimensionless form of the equation system (33) becomes

do 5
—=u+Ci1y —apf® —a,

dr
d
B + af? — Cap, (34
dr
d
d—y =28 — Cay,
T

where j = (k§k1/k3)*po, C1 = kepo/ku, Ca = ka/ku, Ca = ka/ky.

The parameters have been reduced from seven (po and six rate constants) to four.
The difference between dimensional parameters and dimensionless parameters is three
which is just equal to r 4+ 1. So the selection of scales are reasonable in terms of the
previous section. Our results can aso be found in other reactions such as the parallel
and consecutive autocatalator system [12], the surface reaction system [13] and nonau-
tocatalytic reaction system [14]. It should be indicated that the selection of characteristic
scale can be different for different quantities that have the same dimension. For exam-
ple, we il select time scale as ¢ = 1/ k, while the concentration scales are selected as
follows: xea) = (ka/k1)Y/?, xe@) = (ku/k1)Y?, xec) = (kuk3/kik3)Y/? which are ob-
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tained from AeAs/A2, As/As and A3he/A2As, respectively. Then the dimensionless form
of the rate equation system (33) with this selection is given:

do )
—=C1+ Coy —ap® —a,
dr
d
L —a+ap?—p, (35)
dr
dy
Cor =By,
5 B—vy

where Cy = (kak1/ksky)Y?po, C2 = kepo/ks, C3 = ku/ko and C4 = ky/ks. Equation
system (35) is the same form as the Peng's [15]. It is required to point out here that
the selection of characteristic scale may be different but scales must come from the
dimensionless variables 1; or their combination, such as Aghs/A2.

4.2. Example 3: Salnikov model [16-18]

Before making dimensional analysis we will at first give some basic descriptions
about this model. The Salnikov scheme consists of only two steps and both of these are
first order:

P— A, rate = kop, p(t =0) = po,

A — B+heat, rate=k(T)a, T(t =0)=T,
Thefirst step involves a pool chemical reactant whose concentration is regarded as con-
stant. This step is also assumed to be virtually thermoneutral so ko does not vary with

temperature. The second step is exothermic and its rate constant has an Arrhenius form.
The eguations for mass balance and energy conservation for this system are

2_? = kopo€ ¥ — ky(T)a (mass balance), (36)
dr
Va)a =QVki(T)a — Sx(T — Ty (energy balance). (37

Here w isthe heat capacity per unit volume, S the surface area, Q the reaction exother-
micity, x the surface heat transfer coefficient and V' the volume of a well-stirred closed
vessdl sitting in aheat bath which has atemperature T,. For practical purpose we usually
take AT = T — T, asour variable instead of T so the energy balance equation can be
written as

Va)dﬁ—tT = QVki(AT)a — Sy AT. (38)

Sep I. Choose fundamental dimensions.  Time (¢), length (L), temperature (®) and
energy (e) are selected as fundamental dimensions.
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Sepll. Thedimension matrix is

X S T T, E QV ki a t AT R o
t (time) -1 00 0000 -1 0 20 0 O
L (length) -2 200003 0 -300 0 -3 (39
® (temp.) -1 011000 O O O1 -1 -1
e (energy) 1 000110 O O OO0 1 1

wherem = 13, r = 4.

Sep 111, Obtain dimensionless variables. Because the rank r = 4 so there are nine
(m —r = 9) dimensionless quantities. The practical calculations are similar to the
example 1.

A= xE a7 2B(AT), A= 8a?3, A3=T(AT)™Y, ra=Tu(AT),
(40)
As=E'Q, ir¢=Va, Arr=kt, rg=E YAT)R, ig9=E aY{(AT)w.

Sep V. Obtain characteristic scales.  In terms of the equations (40), the characteristic
scales of variables can be selected as follows:
(1) timescalest, = wV /xS (which isobtained from A145/A6r9);

(2) concentration scales x. = xSRTZ/(EQVki(Ty)) (obtained from Azio13Ag/
(AsAeA7));
(3) temperature scale T. = E /R (from Azig Or As)g);

(4) temperature rise scale (AT) = RTZE~! (from A2Ag).

Sep V. Obtain dimensionless equations. At first we carry out dimensionlessness of
the Arrhenius rate law. It is well known that k1(T) = Aexp(—E/RT) and k1(Ty) =
Aexp(—E/RT,). Using Greek letter 6 as dimensionless temperature rise and y as di-
mensionless temperature we have

0 — AT :E(T—Ta) and y:RTa‘
(AT)c RT2
Then k1(T") can be expressed as
T) = k1 (T, . 41
ky(T) = ka( a)eXp[Hye] (41)

Subgtitution of @ = a/x., T = t/t; and equation (41) into (36) and (38) gives

do
E=C1€‘Xp(—C2T) _C3anp|:1+y0:|’
(42)
Y e i
dac ¢ P 1+y6
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Here

c kowE Qk1(Tx)V? kowV
1 = =

ki(TowV
, 5 and C3=ﬂ
R(xSTy)? xS xS

Sep VI. Check if the equality A = r + 1 is satisfied or not. Equation system (42)
involves three variables as well as four parameters C,, C,, C3 and y. The number of
parameters has been decreased from nine (x, S, Ta, O, V, k1, ko, po, @) to four. The
difference A isfive which is just equal to r 4+ 1 (here r = 4). Therefore the selection
of the characteristic scales is reasonable and (42) is one of the simplest dimensionless
forms.

5.  Conclusion

The main purpose of transforming a dimensional equation into an equivalent di-
mensionless form is to decrease the numbers of parameters in the equation and drasti-
cally smplify the mathematical models. Thus the dynamical behaviour of the reaction
equation is not determined primarily by the absolute values of al the rate constants,
but only by one or more ratios of them. This reduction of parameters is particularly
important in the studying of nonlinear chemical dynamics. In present paper we have
demonstrated the process of dimensional analysis and have given a general method to
nondimensionalize the kinetic equation of a chemical reaction system. The key to the
transforming adimensiona equation into dimensionless form liesin selecting character-
istic scales. The scales can be obtained not only from the dimensionless quantities but
aso from their combinations. Whether the selections of scales are suitable or not depend
on the difference A. We have proved that if the equality A = r + 1 holds the selections
of characteristic scales is said to be reasonable and the dimensionless eguation is one
of the smplest forms. Therefore the equality A = r + 1 can be taken as a hecessary
condition for selecting characteristic scales. Our result is not only available in chemical
systems but also available in the other fields, for example, the dimensionlessness of the
ecologica model [19].
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